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a b s t r a c t
The Wiener polarity indexWp(G) of a graph G = (V , E) is the number of unordered pairs
of vertices {u, v} of G such that the distance dG(u, v) between u and v is 3. In this work, we
give the maximumWiener polarity index of trees with n vertices and k pendants and find
that the maximum value is independent of k when k + 2 ≤ n ≤ 2k. The corresponding
extremal trees are characterized.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
The Wiener polarity index of an organic molecule whose molecular graph is G = (V , E) is defined (see [1,2]) as
WP(G) = |{{u, v}|dG(u, v) = 3, u, v ∈ V }|
which is the number of unordered pairs of vertices {u, v} of G such that dG(u, v) = 3, where dG(u, v) is the distance between
two vertices u and v in G.
Using the Wiener polarity index, Lukovits and Linert [3] demonstrated quantitative structure–property relationships in
a series of acyclic and cycle-containing hydrocarbons. Hosoya [4] found a physico-chemical interpretation ofWP(G). Very
recently, Du, Li and Shi [1] described a linear time algorithm APT for computing the index of trees, and characterized the
trees maximizing the index among all trees of given order. Deng, Xiao and Tang [2] characterized the extremal trees with
respect to this index among all trees of order n and diameter d. Deng [5] gave the extremal Wiener polarity indices of all
chemical trees with order n. Xiao and Deng [6] found the maximumWiener polarity index of chemical trees with n vertices
and k pendants. Tong and Deng [7] characterized the trees with the first three smallest Wiener polarity indices among all
trees of order n and diameter d. Mathematical properties of the Wiener polarity index and its applications in chemistry can
be found in [1–5] and the references cited therein.
In this work, we further consider theWiener polarity indices of trees. The maximumWiener polarity index of trees with
n vertices and k pendants is obtained and the corresponding extremal trees are characterized.
2. Some properties of the Wiener polarity index
Let T be a tree with its vertex set V (T ) and edge set E(T ). We denote by NT (v) the set of neighbors of v, and by dT (v) =
|NT (v)| the degree of a vertex v ∈ V (T ). A path P in T is called an i-degree pendant chain (or simply, a pendant chain) if all
I Project supported by the Scientific Research Fund of Hunan Provincial Education Department (09A057) and Hunan Provincial Natural Science
Foundation of China (09JJ6009).∗ Corresponding author.
E-mail address: hydeng@hunnu.edu.cn (H. Deng).
0893-9659/$ – see front matter© 2010 Elsevier Ltd. All rights reserved.
doi:10.1016/j.aml.2010.02.013
H. Deng, H. Xiao / Applied Mathematics Letters 23 (2010) 710–715 711
Fig. 1. The operations of subdividing and smoothing.
of its internal vertices are of degree 2 and its ends of degree 1 and i respectively, where i ≥ 3. In particular, P is called an
i-degree pendant edge if P is an edge. A tree T is called a star-like tree if all of its vertices except one are of degree 1 or 2. For
convenience, let Tn be the set of trees of order n and Tn,k the set of trees of order nwith k pendants.
We first give a formula for computing the Wiener polarity index of trees.
Lemma 1 ([1,2]). Let T = (V , E) be a tree. Then
Wp(T ) =
∑
uv∈E
(dT (u)− 1)(dT (v)− 1). 
Letmij be the number of edges in T between vertices of degrees i and j. By Lemma 1, we have
Wp(T ) =
∑
uv∈E(T )
(dT (u)− 1)(dT (v)− 1) =
∑
1≤i≤j≤n−1
(i− 1)(j− 1)mij.
Now, we introduce two graph transformations which will be used in the next section.
An edge e = uv is said to be subdivided when it is deleted and replaced by a path of length 2 connecting u and v, the
internal vertexw of this path being a new vertex. The converse of subdividing is called smoothing the vertexw of degree 2.
This is illustrated in Fig. 1.
The following two lemmas can be proved by direct computation from Lemma 1.
Lemma 2. Let us have T ∈ Tn. e = uv is an edge of T with dT (u) ≤ dT (v). T ′ is the tree obtained by subdividing e. Then
Wp(T ′)−Wp(T )

=dT (v)− 1, dT (u) = 1;
=1, dT (u) = 2;
=3− dT (v), dT (u) = 3;
<0, dT (u) ≥ 4.
Proof. By Lemma 1, we have
Wp(T ′)−Wp(T ) = dT (u)− 1+ dT (v)− 1− (dT (u)− 1)(dT (v)− 1).
Since dT (v) ≥ dT (u), Lemma 2 is an immediate result from the formula above. 
Similarly, we have:
Lemma 3. Let us have T ∈ Tn.w is a vertex of degree 2 of T whose neighbors are u and v, dT (u) ≤ dT (v). T ′ is the tree obtained
by smoothing w. Then
Wp(T ′)−Wp(T )

=1− dT (v), dT (u) = 1;
= − 1, dT (u) = 2;
=dT (v)− 3, dT (u) = 3;
>0, dT (u) ≥ 4. 
Lemma 4. Let us have T ∈ Tn,k, e = uv an edge of T with dT (u) = p+ 1 ≥ 3 and dT (v) = q+ 1 ≥ 3, and T ′ = T/e the tree
obtained by contracting e (see Fig. 2). If the degrees of all the neighbors of u and v are at least 2, then Wp(T ) ≤ Wp(T ′).
Proof. Let X = NT (u)− {v} and Y = NT (v)− {u}. By Lemma 1,
Wp(T ′)−Wp(T ) =
∑
x∈X
(dT (x)− 1)(p+ q− 1)+
∑
y∈Y
(dT (y)− 1)(p+ q− 1)
−
∑
x∈X
(dT (x)− 1)p−
∑
y∈Y
(dT (y)− 1)q− pq
=
∑
x∈X
(dT (x)− 1)(q− 1)+
∑
y∈Y
(dT (y)− 1)(p− 1)− pq
≥ (q− 1)p+ (p− 1)q− pq
= pq− p− q ≥ 0. 
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Fig. 2. The graphs in Lemma 4.
Fig. 3. The caterpillar tree CTn(x1, x2, . . . , xd−3).
Let CTn(x1, x2, . . . , xd−3) be a caterpillar tree with diameter d depicted in Fig. 3, where x1+ x2+ · · · + xd−3 = n− d− 1.
The following result is Theorem 7 in [2].
Lemma 5 ([2]). If T ∈ Tn with diameter d ≥ 5, then
Wp(T ) ≤
⌊
n− d− 1
2
⌋⌈
n− d− 1
2
⌉
+ (2n− d− 4)
with equality if and only if T is a caterpillar tree CTn(0, . . . , 0, xi, xi+1, xi+2, 0, . . . , 0) such that where 1 ≤ i ≤ d − 5, xi +
xi+1 + xi+2 = n− d− 1, xi ≥ 0, xi+2 ≥ 0 and xi+1 =
⌊ n−d−1
2
⌋
or
⌈ n−d−1
2
⌉
. 
3. The maximumWiener polarity index of trees with n vertices and k pendants
In this section, we will discuss the maximumWiener polarity index of trees with n vertices and k pendants.
We first consider some special cases. Let us have T ∈ Tn with diameter d.
If k = 2, then T is the path Pn with order n, andWp(Pn) = n− 3 for n ≥ 4 andWp(Pn) = 0 for n = 2, 3.
If k = n− 1 or d = 2, then T is the star Sn with order n, andWp(Sn) = 0.
If k = n− 2 or d = 3, then T is a double star. AndWp(T ) ≤
⌊ n−2
2
⌋ ⌈ n−2
2
⌉
with equality if and only if T is the double star
obtained by connecting the centers of stars Sb n2c and Sd n2e.
In the following, we assume that 3 ≤ k ≤ n− 3 and d ≥ 4, and distinguish the following two cases.
Case I. k+ 3 ≤ n ≤ 2k.
Let us have T ∈ Tn,k with diameter 4. It is not difficult to see [1] that T = T (k1, k2, k3, l1, l2, . . . , lm) can be represented
by m + 3 integers k1, k2, k3, l1, l2, . . . , lm (see Fig. 4), where ki ≥ 0 (i = 1, 2, 3),m ≥ 0, lj ≥ 1 (1 ≤ j ≤ m) when m ≥ 1,
and
k1 + k2 + k3 + l1 + l2 + · · · + lm = n−m− 5.
The following Lemma 6 can be easily obtained from [1]; its proof is omitted here.
Lemma 6. Let us have T ∈ Tn,k (k+ 3 ≤ n ≤ 2k) with diameter 4. Then
Wp(T ) ≤

n2
4
− n+ 3
4
, n is odd;
n2
4
− n+ 1, n is even
with equality if and only if k2 = k+ 1−
⌊ n
2
⌋
or k2 = k+ 1−
⌈ n
2
⌉
. 
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Fig. 4.
Lemma 7. Let us have T ∈ Tn,k (k+ 3 ≤ n ≤ 2k) with diameter d ≥ 5. Then Wp(T ) < n24 − n+ 34 .
Proof. By Lemma 5, we have
Wp(T ) ≤
⌊
n− d− 1
2
⌋⌈
n− d− 1
2
⌉
+ (2n− d− 4) = f (d)
f (d) =

(
n− d− 2
2
)(
n− d
2
)
+ (2n− d− 4), n− d− 1 is odd;(
n− d− 1
2
)2
+ (2n− d− 4), n− d− 1 is even
and f (5) = n24 − n− 14 or n
2
4 − n. Since f is decreasing, f (d) ≤ f (5) < n
2
4 − n+ 34 . So,Wp(T ) < n
2
4 − n+ 34 . 
From Fig. 4, we know that k1 + k2 + k3 + l1 + l2 + · · · + lm = k− 2 and k1 + k2 + k3 + l1 + l2 + · · · + lm = n−m− 5.
Since 0 ≤ m ≤ k − 2, n − k − 3 ≤ k − 2 ≤ n − 5, i.e., k + 3 ≤ n ≤ 2k + 1. Conversely, for k + 3 ≤ n ≤ 2k + 1, i.e.,
n − k − 3 ≤ k − 2 ≤ n − 5, there is 0 ≤ m ≤ k − 2 such that k − 2 = n − m − 5 and T = T (k1, k2, k3, l1, l2, . . . , lm) is a
tree of diameter 4 with n vertices and k pendants, where k1 = k − 2 − m, k2 = k3 = 0, l1 = · · · = lm = 1. So, there is a
tree of diameter 4 with n vertices and k pendants for k+ 3 ≤ n ≤ 2k+ 1. Among all trees of n vertices and k pendants with
k+ 3 ≤ n ≤ 2k, we only need to consider the maximumWiener polarity index of trees with diameter 3 or 4.
Summarizing Lemmas 6 and 7 and the case k = n− 2 above, we have:
Theorem 1. Let us have T ∈ Tn,k (k+ 2 ≤ n ≤ 2k) with n ≥ 4. Then
Wp(T ) ≤
⌊
n− 2
2
⌋⌈
n− 2
2
⌉
=

n2
4
− n+ 3
4
, n is odd;
n2
4
− n+ 1, n is even
with equality if and only if (i) T = T (k1, k2, k3, l1, . . . , lm)with k2 = k+ 1−
⌊ n
2
⌋
or k2 = k+ 1−
⌈ n
2
⌉
, or (ii) T is the double
star obtained by connecting the centers of stars Sb n2c and Sd n2e. 
This result shows that the maximumWiener polarity index is independent of kwhen k+ 2 ≤ n ≤ 2k.
Case II. n ≥ 2k+ 1.
Theorem 2. Let us have T ∈ Tn,k (n ≥ 2k+ 1). Then
Wp(T ) ≤ k2 − 3k+ n− 1
with equality if and only if T is a star-like tree of order n in which the lengths of all pendant chains are at least 2.
Proof. By Lemma 1, we haveWp(T ) = k2 − 3k+ n− 1 for any star-like tree T with n vertices and k pendants in which the
lengths of all pendant chains are at least 2.
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Suppose T is a tree with the maximumWiener polarity index among all trees of n vertices and k pendants (n ≥ 2k+ 1).
(i) First, all vertices of degree 2 in T are on the pendant chains of T .
Otherwise, there is a path xv1 · · · vty in T such that dT (x) ≥ 3, dT (y) ≥ 3, dT (v1) = · · · = dT (vt) = 2 and t ≥ 1. Let T1
be the tree obtained by smoothing the vertices v1, . . . , vt ; then
Wp(T1) = Wp(T )+ (dT (x)− 1)(dT (y)− 1)− ((dT (x)− 1)+ (t − 1)+ (dT (y)− 1)).
Let T2 be obtained from T1 by subdividing a pendant edge e = uv (where v is a pendant vertex and dT (u) ≥ 2) t times,
i.e., inserting n vertices v1, . . . , vt into the edge e. Then T2 ∈ Tn,k and
Wp(T2) = Wp(T1)+ (dT (u)− 1)+ (t − 1).
So,
Wp(T2) = Wp(T )+ (dT (x)− 1)(dT (y)− 1)− ((dT (x)− 1)+ (dT (y)− 1))+ dT (u)− 1
= Wp(T )+
(
1
2
(dT (x)− 1)− 1
)
(dT (y)− 1)+
(
1
2
(dT (y)− 1)− 1
)
(dT (x)− 1)+ dT (u)− 1
≥ Wp(T )+ dT (u)− 1
≥ Wp(T )+ 1,
a contradiction.
(ii) Secondly, if T has a i-degree pendant edge with i ≥ 3, then the length of each pendant chain in T is at most 2.
Otherwise, there is a pendant chain Q1 of length l ≥ 3 and a i-degree pendant edge Q2, i ≥ 3. Smoothing one of
vertices with degree 2 on Q1 and subdividing the pendant edge on Q2, we obtain a tree T3 ∈ Tn,k. By Lemmas 2 and 3,
Wp(T3) = Wp(T )− 1+ (i− 1) > Wp(T ), a contradiction.
(iii) Finally, we prove that T is a star-like tree of order n in which the lengths of all pendant chains are at least 2.
We denote by n2 = n2(T ) the number of vertices with degree 2 in T .
If n2 < k, then there are exactly k − n2 i-degree pendant edges such that i ≥ 3 in T from (ii). Let T4 be the tree
obtained by subdividing these i-degree pendant edges. We have T4 ∈ Tn+k−n2,k and Wp(T4) > Wp(T ). Now, there are
(n + k − n2 − 1) − 2k = n − k − n2 − 1 edges whose ends have degrees greater than two in T4 since there are exactly
2k edges on the pendant chains. If T5 is obtained by contracting these edges from T4, then T5 ∈ T2k+1,k is a star-like tree of
order 2k+ 1 andWp(T5) ≥ Wp(T4) by Lemma 4. Let T6 be the tree obtained by inserting n− (2k+ 1) vertices into an edge
of T5. Then T6 ∈ Tn,k is a star-like tree of order n andWp(T6) > Wp(T5) by Lemma 2. AndWp(T6) > Wp(T ), a contradiction.
So, n2 ≥ k, and the lengths of all pendant chains in T are at least 2 from (i) and (ii). If T is not a star-like tree, let r be the
number of edges whose ends have degrees greater than 2, so we have r ≥ 1.
If T7 is obtained by contracting the r edges from T , then T7 ∈ Tn−r,k is a star-like tree of order n− r andWp(T7) ≥ Wp(T )
by Lemma 4. Let T8 be the tree obtained by inserting r vertices into an edge of T7; then T8 ∈ Tn,k is a star-like tree of order
n andWp(T8) > Wp(T7) by Lemma 2. ThereforeWp(T8) > Wp(T ), a contradiction again. 
From Theorems 1 and 2, we have:
Corollary 1. Among all trees with n vertices and k pendants, the maximumWiener polarity index is
Wp(T )max =

0, n = k+ 1;⌊
n− 2
2
⌋⌈
n− 2
2
⌉
, k+ 2 ≤ n ≤ 2k;
k2 − 3k+ n− 1, n ≥ 2k+ 1. 
Since k2 − 3k+ n− 1 ≤ ⌊ n−22 ⌋ ⌈ n−22 ⌉when n ≥ 2k+ 1, we obtain the following result:
Corollary 2 ([1]). Among all trees of order n ≥ 4, a tree T has the maximal Wiener polarity index if and only if Wp(T ) =⌊ n−2
2
⌋ ⌈ n−2
2
⌉
, and (i) T = T (k1, k2, k3, l1, . . . , lm) with k2 = k + 1 −
⌊ n
2
⌋
or k2 = k + 1 −
⌈ n
2
⌉
, or (ii) T is the double star
obtained by connecting the centers of stars Sb n2c and Sd n2e. 
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